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Abstract
The charmless nonleptonic B → ηK decay is an useful probe to test the strong interaction
dynamics part of the Standard Model. Within the QCD factorization framework, we analyse
this particular decay by using the most recent data of BR(B+ → ηK+) and Acp(B+ → ηK+)
available in the Heavy Flavour Averaging Group (HFAG) webcite. Using these data we
constraint the unitarity angle γ and η − η′ mixing angle θ. We find that such constraint is
scale dependent, e.g. for γ = 70o, the data forBR(B+ → ηK+) (= (2.6±0.5)×10−6) suggests
that θ should lie in between −46o and −44o, −30o and −26o for µ = mb/2. For µ = mb,
the same BR data (with the same γ) suggests that θ should lie in between −54o and −50o,
−30o and −26o. The allowed region followed from Acp = −0.25± 0.14, is found to be rather
wider than that obtained from the BR(B+ → ηK+) data. For γ = 70o and θ = −21.3o, we
find BR(B−(+) → ηK−(+)) = 2.93(4.91)× 10−6 and Acp = −0.252 at µ = mb, and about
2.98(5.72) × 10−6 and −0.315 corresponding to µ = mb/2. We investigate the role of the
power corrections in such constraints.
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1
1 Intrduction
The nonleptonic weak hadronic decays of the B meson is an useful probe to test the Standard Model(SM),
particularly the dynamics of it’s strong interaction (QCD) part. Due to the non-perturbative features,
the amplitudes for such hadronic B-decays, are difficult to calculate directly from the QCD lagrangian.
For the phenomenological study, several factorization hypotheses, like naive-factorization(NF), general-
ized factorization(GF) and QCD factorization(QCDF) were introduced and has been quite successful in
explaining the data for exclusive B decays, like B → PP, PV, V V, PT, V T (where P , V and T stands
for pseudoscalar, vector and tensor meson) reported by the CLEO, BABAR and BELLE collaborations
[1, 2, 3]. Out of all these hypothesis, the QCD factorization hypothesis [4] particularly, has become very
much popular in recent years because of it’s successful explanation of the several B factories data. Study-
ing the nonleptonic B−(+) → ηK−(+) decay within the QCD factorization, exploring it’s CP-violation
aspects, is a well motivated topic and is the main concern of the present work.
The only source of the CP violation in the Standard Model(SM) is the CKM matrix VCKM [5], which
is arised due to the misalignment of the mass and weak interaction eigenstates. It is expressed via the
charge current-current interaction lagrangian LCCint , defined by
LCCint = −
g√
2
(
u¯L c¯L t¯L
)
γµVCKM

 dLsL
bL

W+µ + h.c. (1)
In the Wolfenstein parametrization VCKM is given by
VCKM =

 Vud Vus VubVcd Vcs Vcb
Vtd Vts Vtb

 =

 1− 12λ2 λ Aλ3(ρ− iη)−λ 1− 12λ2 Aλ2
Aλ3(1 − ρ− iη) −Aλ2 1

+O(λ4), (2)
where λ = Vus = sinθc, θc, the Cabibbo mixing angle. The angle γ related to the phase of the CKM
element Vub i.e. γ = arg(V
∗
ub) (which follows from Vub = |Vub|e−iγ = Aλ3(ρ − iη)), amounts to CP
violation in the SM. The angle γ is one of the three angles α, β and γ of the unitarity traingle and
any nonzero value of it (resulting into non zero area of the unitarity traingle) yields the CP violation in
the SM. Hence, a precise measurement of the unitarity angle γ can be possible from the CP violating
transition, which is being considered in the present work. There exist bounds on the angle γ and one
such bound is followed from the time-dependent CP asymmetry Spipi measurement. The current average
experimental value of the Spipi which is about = −0.49± 0.27, yields [6]
γ =
(
66+19
−16
)o
or
(
174+9
−8
)o
, (3)
where both set of solutions are consistent with each other and the first set is consistent with the unitarity-
traingle fit. Our next concern is the mixing angle θ between the psedoscalar η and η′ mesons, a matter
of great interst from the time when the SU(3) flavour symmetry was proposed. In the simplest scenario
where the η and η′ mesons do not mix with other pseudoscalar mesons, like excited quarkonium states,
gluonium or exotics, the η, η′ wave functions can be written as
|η〉 = cosθ |η8〉 − sinθ |η0〉, (4)
|η′〉 = sinθ |η8〉+ cosθ |η0〉, (5)
where the SU(3) basis states |η8〉 and |η0〉 are given by
|η8〉 = 1√
6
|uu¯+ dd¯− 2ss¯〉, (6)
|η0〉 = 1√
3
|uu¯+ dd¯+ ss¯〉. (7)
From the accumulated data of the decay widths Γ[η → γγ] = (0.46±0.04) KeV, Γ[η′ → γγ] = (4.26±0.19)
KeV and Γ[π0 → γγ] = (7.7± 0.55) eV, one finds [7],
θ = −21.3o ± 2.5o. (8)
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In the present analysis we will treat the unitarity angle γ and mixing angle θ as the unknown parameters
and use the most recent data for the direct CP asymmetry Acp(B
+ → ηK+) and BR(B+ → ηK+) [8]
to put constraints on them.
The organization of the paper is as follows. Section 2 begins with the general discussion of the
nonleptonic decay of a B meson within the QCD factorization framework, which includes the discussion
of several non-factorizable corrections, e.g. vertex, penguin, hard-spectator and the weak annihilation
corrections. They are present in the QCD factorization framework, but absent in the simplest naive
factorization(NF) framework. We obtain the SM decay amplitudeMSM (B+ → ηK+), BR(B+ → ηK+)
and Acp(B
+ → ηK+). Section 3 is fully devoted to the numerical analysis. After describing several
numerical inputs i.e. the CKM matrix elements, effective coefficients, quarks masss, decay constants,
form factors, we discuss the constraints in the θ − γ contour plane, which is being obtained by using
the most recent data of BR(B+ → ηK+) and Acp(B+ → ηK+), available in the HFAG webcite [8]. In
Section 4, we summarize our results and made our conclusion.
2 B− → η K− decay within the QCDF framework:
The most general effective weak Hamiltonian H∆B=1eff for the non-leptonic ∆B = 1 transitions can be
expressed via the operator product expansion (OPE) [10]
Heff = GF√
2
[
VubV
∗
us (c1O
u
1 + c2O
u
2 ) + VcbV
∗
cs (c1O
c
1 + c2O
c
2)− VtbV ∗ts
(
10∑
i=3
ciOi
)]
+H.c.. (9)
Here ci’s are the wilson coefficients and the 4-quarks current-current, gluonic and electroweak penguin
operators are defined by
• current-current operators:
Ou1 = (ub)V−A(su)V−A O
u
2 = (uαbβ)V−A(sβuα)V−A,
Oc1 = (cb)V−A(sc)V−A O
c
2 = (cαbβ)V−A(sβcα)V−A, (10)
• QCD-penguin operators:
O3 = (sb)V−A
∑
q
(qq)V−A, O4 = (sαbβ)V−A
∑
q
(qβqα)V−A,
O5 = (sb)V−A
∑
q
(qq)V+A, O6 = (sαbβ)V−A
∑
q
(qβqα)V+A, (11)
• electroweak-penguin operators:
O7 =
3
2
(sb)V−A
∑
q
eq(qq)V+A, O8 =
3
2
(sαbβ)V−A
∑
q
eq(qβqα)V+A,
O9 =
3
2
(sb)V−A
∑
q
eq(qq)V−A, O10 =
3
2
(sαbβ)V−A
∑
q
eq(qβqα)V−A, (12)
where α, β are the SU(3) color indices, V ± A correspond to γµ(1 ± γ5) and the wilson coefficients ci’s,
in which the QCD correction to weak interaction is encoded, are evaluated at the scale O(µ ≃ mb). e
and g are respectively QED and QCD coupling constants and T a’s are SU(3) color matrices. For the
penguin operators, O3, . . . , O10, the sum over q runs over different quark flavors, active at µ ≃ mb, i.e.
q ǫ{u, d, s, c, b}. Note that the gluonic penguin operators O3−6 contributes largely to B → ηK. The
contributions coming from the electroweak penguin operators are not so significant and will be neglected
in the present analysis.
The wilson coefficients cis, quite well-known at the NLO order accuracy, is evaluated at µ ≃ mb and
is within the perturbative control. The nontriviality (amounting uncertainity) exists in the evaluation of
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the hadronic matrix elements of the operators in the effective Hamiltonian comprising B → ηK transi-
tion. Several approximations are made in order to have a control over this. Within naive factorization
framework, one assumes the absence of the order O(αs) QCD correction to the hadronic matrix element
and the validity of working in the heavy quark limit (i.e. mb ≫  LQCD). Within the naive factorization,
the hadronic matrix of a B meson decay to a pair of mesonsM1 and M2 can be factorized and be written
as the product of two quarks bilinear currents j1 and j2
〈M1M2|Oi|B〉NF = 〈M1|j1|B〉 × 〈M2|j2|0〉 (13)
which gives rise the transition form factor and the decay constant, respectively. The operators Oi,
constituting the effective Hamiltonian, is specific to a particular B decay. In the present case they are
represented by Eqns. (10,11,12). Corrections to the naive factorization arises from the “non-factorizable”
O(αs) QCD correction to the hadronic matrix element by means of vertex, penguin, hard-spectator
and as well as the weak annihilation contributions. The “QCD factorization” framework, which can
be looked as the order O(αs) corrected version of the naive factorization framework, encodes all these
O(αs) corrections to the hadronic matrix element (13). Within QCD factorization, the above two body
nonleptonic decay amplitude (Eqn. (13), in the heavy quark limit, can be generalized as [4]
〈M1M2|Oi|B¯〉QCDF =
∑
j
FB→M1j (m
2
2)
∫ 1
0
du T Iij(u)ΦM2(u) + (M1 ↔M2)
+
∫ 1
0
dξdudv T IIi (ξ, u, v)ΦB(ξ)ΦM1(v)ΦM2 (u) (14)
where M1 and M2 corresponds to the light mesons. The factor F
B→M1(M2) corresponds to the B →M1
transition form factor, while the ΦX corresponds to the Light Cone Distribution Amplitudes (LCDA)
for the meson X for the quark-antiquark Fock states. The perturbatively calculable quantities T I,IIij in
Eqn. (14), which are known as the hard-scattering kernels, contain essentially the O(αs) QCD correction
to the matrix element. T Iij which starts at O(α0s), corresponds to the vertex, penguin correction, while
T IIij which starts at O(α1s) corresponds to the hard-spectator correction which arises due to the exchange
of a hard gluon between the spectator quark inside the B meson with the quark of the emittedM2 meson.
Note that the weak annihilation contribution are not shown here, we will present them later seperately.
Now no QCD correction implies the vanishing of the second term of Eqn. (14), while T Iij turns into a
constant. After performing the relevant integration (Eqn. (14)) with the leading twist-2 LCDA’s, one in
the heavy quark limit ends up a expression, which much looks like: form factor × decay constnt, agrees
with the naive factorization result (Eqn. (13)). Following the above discussion, the generic B → M1M2
decay amplitude, in the heavy quark limt mb ≫ ΛQCD within the QCDF framwork, can be written as
〈M1M2|Oi|B¯〉QCDF = 〈M1M2|Oi|B¯〉NF
[
1 +
∑
n
rnα
n
s +O
(
ΛQCD
mb
)]
. (15)
Note that in the heavy quark limt (mb ≫ ΛQCD) and at order O(αs), although the naive factorization
framework breaks down (due to the presence of the second term), one can still calculates the the cor-
rections systemetically by finding the corresponding corrections in the short-distance coefficients and the
LCDA’s of the mesons.
In the QCDF framework, the amplitude for the B → ηK can be expressed as
MSM (B¯ → ηK) =MfSM (B¯ → ηK) +MaSM (B¯ → ηK), (16)
where
MfSM (B¯ → ηK) =
GF√
2
∑
p=u,c
i=6∑
i=1
lp a
p
i 〈ηK|Oi|B¯〉NF , (17)
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MaSM (B¯ → ηK) =
GF√
2
fBfKfη
∑
p=u,c
i=6∑
i=1
lp bi. (18)
In above lp = VpbV
∗
ps with V ’s being the CKM matrix elements, GF , the Fermi decay constant, while
fr (r = B,K, η, η
′) stands for the meson decay constants. The non-factorizable vertex, penguin and
hard spectator corrections are encoded in the effective coefficients api which appeared in the first term of
the amplitude ( Eqn. (16)). The effective coefficients api at the next-to-leading order in αs(µ) takes the
following form (for a generic nonleptonic B¯ →M1M2 decay) [6]
api (M1,M2) =
(
ci(µ) +
ci±1(µ)
Nc
)
+
ci±1(µ)
Nc
CFαs(µ)
4π
[
Vi(M2) +
4π2
Nc
Hi(M1,M2)
]
+ P pi (M2), (19)
where ci(µ), the wilson coefficients with i(= 1, ...6) is odd(even), the upper(lower) sign is applied and
for the current-current operator the superscript p is to be dropped (to avoid confusion). Here Nc = 3 is
the colour factor, CF =
N2c−1
2Nc
, the quadratic Casimir Invariant for SU(N) (N = Nc = 3 here) and ci’s
are the wilson coefficients. The quantities Vi, Hi and P
p
i respectively stands for the “non-factorizable”
vertex, hard spectator and penguin corrections and their complete expressions can be found in [4],[6].
The hard spectator functions reads as
Hi(Kη) =
fBfKf
u
η
m2BF
B→K
0 (0)f
u
η
∫ 1
0
dξ
ξ
ΦB(ξ)
∫ 1
0
dx
∫ 1
0
dy
[
Φη(x)ΦK(y)
x¯y¯
+ rKχ
Φη(x)Φ
(3)
K (y)
xy¯
]
(20)
for i = 1–4,
Hi(Kη) =
−fBfKfuη
m2BF
B→K
0 (0)f
u
η
∫ 1
0
dξ
ξ
ΦB(ξ)
∫ 1
0
dx
∫ 1
0
dy
[
Φη(x)ΦK(y)
xy¯
+
Φη(x)Φ
(3)
K (y)
x¯y¯
]
(21)
for i = 5 with and Hi(M1M2) = 0 for i = 6. In above j¯ = 1 − j (j = x, y) and the term rKχ =
2m2K
mb(µ)(mq+ms)(µ)
, (where mq corresponds to the average of the up and down quark masses) is the chiral
enhancement factor. The ΦX(Φ
(3)
X ) corresponds to twist-2 (twist-3) LCDA’s of the meson X . The weak
annihilation contribution’s bi’s corresponding to Eqn. (18), can be expressed as (following [4],[6])
b1 =
CF
N2c
c1A
i
1 , b
p
3 =
CF
N2c
[
c3A
i
1 + c5(A
i
3 +A
f
3 ) +Ncc6A
f
3
]
, (22)
b2 =
CF
N2c
c2A
i
1 , b
p
4 =
CF
N2c
[
c4A
i
1 + c6A
i
2
]
. (23)
where b1, b2 corresponds to the current-current annihilation, while b
p
3, b
p
4, the gluon penguin annihilation.
Here Af3 is the factorizable annihilation amplitude which is being induced from the (S − P ) × (S + P )
type operators, whereas the non-factorizable annihilation amplitudes Ai1,2,3 are induced from the (V −
A)× (V −A), (V +A)× (V +A) and (S−P )× (S+P ) type operators. Their explicit expressions, which
can be found in [4],[6], reads as
Ai1 = παs(µ)
∫ 1
0
dxdy
{
ΦM2(x)ΦM1 (y)
[
1
y(1− xy¯) +
1
x¯2y
]
+ rM1χ r
M2
χ Φ
(3)
M2
(x)Φ
(3)
M1
(y)
2
x¯y
}
,
Af1 = 0 ,
Ai2 = παs(µ)
∫ 1
0
dxdy
{
ΦM2(x)ΦM1 (y)
[
1
x¯(1 − xy¯) +
1
x¯y2
]
+ rM1χ r
M2
χ Φ
(3)
M2
(x)Φ
(3)
M1
(y)
2
x¯y
}
,
Af2 = 0 , (24)
Ai3 = παs(µ)
∫ 1
0
dxdy
{
rM1χ ΦM2(x)Φ
(3)
M1
(y)
2y¯
x¯y(1− xy¯) − r
M2
χ ΦM1(y)Φ
(3)
M2
(x)
2x
x¯y(1− xy¯)
}
,
Af3 = παs(µ)
∫ 1
0
dxdy
{
rM1χ ΦM2(x)Φ
(3)
M1
(y)
2(1 + x¯)
x¯2y
+ rM2χ ΦM1(y)Φ
(3)
M2
(x)
2(1 + y)
x¯y2
}
,
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for a generic B¯ → M1M2 decay. In our case of interest, the corresponding expressions are obtained by
setting M1 = K(η) and M2 = η(K). Note that the power suppressed twist-3 LCDA Φ
(3)
X of the hard
spectator and annihilation contributions suffers from the end point divergence XH,A =
∫ 1
0
dy
y
, which can
be phenomenolgically parametrized as [6]
XH =
∫ 1
0
dy
y
= (1 + ρH,Ae
iφH,A) ln
(
mB
 Lh
)
(25)
where Λh ∼ 0.5 GeV, ρH,A are free parameters expected to be about of order ρH,A ≃ O(1) and
φH,A ǫ [0, 2π]. With all these QCD corrections in hand, we are now ready to give the O(αs) corrected
expressions for the B¯ → ηK decay amplitude (i.e. Eqn. (17)) and within QCDF they reads (for B¯ = B−)
as [7]
MfSM (B− → ηK−) =
GF√
2
{
VubV
∗
us
[
ap2 + a
p
1
m2B −m2η
m2B −m2K
FB→η0 (m
2
K)
FB→K
−
0 (m
2
η)
fK
fuη
]
+ VcbV
∗
cs a
p
2
f cη
fuη
−VtbV ∗ts
[
2ap3 − 2ap5 +
(
ap3 − ap5 + ap4 +
ap6m
2
η
ms(mb −ms)
)
f sη
fuη
− a
p
6m
2
η
ms(mb −ms)
+
(
ap4 +
2ap6m
2
K
(ms +mu) (mb −mu)
)
m2B −m2η
m2B −m2K
FB→η0 (m
2
K)
FB→K
−
0 (m
2
η)
fK
fuη
]}
〈K−|s¯ b−|B−〉 〈η|u¯ u−|0〉
(26)
where b− (and u− ) corresponds to γµ(1− γ5)b (and γµ(1− γ5)u). The transition form factor and decay
constants are defined as
〈K−(p′)|s¯ b−|B−(p)〉 = 〈K−(p′)|s¯ γµb|B−(p)〉
=
[{
(p+ p′)µ − m
2
B −m2K
q2
qµ
}
FB→K1 (q
2) +
m2B −m2K
q2
qµFB→K0 (q
2)
]
(27)
〈η(q)|u¯ u−|0〉 = −〈η(q)|u¯ γµγ5u|0〉 = ifuη qµ. (28)
where mB, mK corresponds to B,K meons masses and f
u
η , the η meson decay constant. F
B→K
0,1 (q
2)
are the B → K transition form factors evaluated at q2 = m2η. Note that in the effective coefficients
api (Eqn. (19)) appearing in the above amplitude (Eqn. (26)) contains the non-factorizable vertex (Vi)
and penguin (P pi ) corrections, which are evaluated at µ = mb (mb/2) and the hard spectator (Hi) and
annihiation corrections (given by Eqn. (22)), evaluated at µ = µh ∼
√
µ Lh, where  Lh ≃ 0.5 GeV [6]. It
is now straightforward to write down the branching ratio (BR) for the B− → ηK− decay as
BR(B− → ηK−) = τBpc
8πm2B
|M(B− → ηK−)|2 (29)
where M(B− → ηK−) is the decay amplitude, τB , the B meson life time and pc, the c.m. momentum
of the η and K− mesons in the B− rest frame, is given by
pc =
√
(m2B − (mη −mK−)2) (m2B − (mη +mK−)2)
2mB
. (30)
The BR’s BR(B+ → ηK+) is obtained from BR(B− → ηK−) by performing the relevant changes under
CP transformations. The CP-asymmetry Acp, according to the standard convention, is defined as
Acp =
Γ(B− → ηK−)− Γ(B+ → ηK+)
Γ(B− → ηK−) + Γ(B+ → ηK+) . (31)
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Table 1: Data for the B+ → ηK+ decay mode. The error bars are at 1σ limit; the upper limit
at 90% CL.For Acp we follow the standard convention as mentioned in the text.
Final State BR× 106 Acp
ηK+ 2.6 ± 0.5 −0.25 ± 0.14
3 Numerical Analysis
The BR and CP-assymmetry Acp data for the B
+ → η K+ decay are available in the HFAG05 website
[8] and is given in Table 1. The decay amplitudes depend on the effective coefficients ai’s, CKM matrix
elements, quark masses and the non-perturbative inputs like hadronic form factors, decay constants etc.
3.1 CKM matrix elements
The parameters A, l, ρ and η of the CKM matrix VCKM (2) in the Wolfenstein parametrization are set
at the following values. We employ A and l = sin θc at the values of 0.815 and 0.2205 in our analysis.
The other parameters are found to be ρ =
√
ρ2 + η2 cosγ and η =
√
ρ2 + η2 sinγ with γ = arg(V ∗ub) (an
unknown parameter in our analysis) and
√
ρ2 + η2 = 0.3854[9]. Here ρ = ρ(1 − λ22 ) and η = η(1 − λ
2
2 )
[10].
3.2 Effective coefficients ai, quark masses, decay constants and form factors
The NLO wilson coefficients in the NDR scheme, obtained in the paper by Beneke et al. [6],are cataloged in
Table 2. The effective coefficients ai’s (i = 1, 2, ..., 10) in Eqn.(26), can be obtained by using Eqn.(19) from
Table 2: ∆B = 1 wilson coefficients at µ = mb2 (mb) ∼ 2.1(4.2) GeV formt = 170 GeV, α = 1/129
and Λ
(5)
MS
= 225 MeV in the NDR scheme [4].
NLO c1 c2 c3 c4 c5 c6
µ = mb/2 1.137 −0.295 0.021 −0.051 0.010 −0.065
µ = mb 1.081 −0.190 0.014 −0.036 0.009 −0.042
these NLO wilson coefficients. The wilson coeffficients ci(µ) and coupling constant αs(µ) (in Eqn. (19))
are evaluated at µ = mb(mb/2). The scale chosen for the vertex, penguin, hard-spectator and annihilation
term are described above (see the discussion before Eqn. (29)).
For the quark’s constituent masses, we use mb = 4.2 GeV, mc = 1.5 GeV and ms = 0.50 GeV and
mu = md ∼ 0.2 GeV, the scale independent quantities [6, 7], which appear in the loop integral and for the
current masses, we use their scale dependent values as listed in Table 3. which appear in the factorized
Table 3: The scale dependent current quark masses which are taken from [6],[7].
mb(µ) ms(µ) mu(µ) md(µ)
µ = mb/2 4.88 0.122 0.0413 ×ms(µ) 0.0413 ×ms(µ)
µ = mb 4.20 0.090 0.0413 ×ms(µ) 0.0413 ×ms(µ)
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amplitude after making the use of equation of motion of quarks.
The decay constants (in GeV) are given by ([6],[7])
fB = 0.20, fpi = 0.131, fK = 0.160, f
c
η′ = 0.0058, f
c
η = 0.00093 (32)
and we use f0 = 1.10fpi and f8 = 1.34fpi with the one angle mixing scheme (in η − η′ sector) to obtain
fuη =
f8 cosθ√
6
− f0 sinθ√
3
, f sη = −2
f8 cosθ√
6
− f0 sinθ√
3
(33)
with θ, the mixing angle, another unknown parameter in our analysis.
We use the following non-perturbative form factors values in our analysis [6],
FB→pi0,1 (0) = 0.28, F
B→K
0,1 (0) = 0.34,
FB→η0,1 (0) = F
B→pi
0 (0)
[
cosθ√
6
− sinθ√
3
]
. (34)
For the distribution amplitudes (LCDA), we use the asymptotic form for the pseudoscalar mesons [6]
Φη = 6x(1− x), ΦK = 6x(1− x), twist− 2 LCDA (35)
Φ(3)η = 1, Φ
(3)
K = 1, twist− 3 LCDA. (36)
The B meson wave function
ΦB(ρ¯) = NB ρ¯
2(1− ρ¯)2exp
[
−1
2
(
ρ¯mB
ωB
)2]
, (37)
with the normalization constant NB is being determined from the condition∫ 1
0
ΦB(ρ¯)dρ¯ = 1, (38)
with mB = 5.278 GeV and ωB = 0.25 GeV [11].
3.3 Results and Discussions
With all the numerical inputs in hand, we are now ready to discuss our results. Working within the QCD
factorization framework, we made use of the BR(B+ → ηK+) and CP-asymmetry Acp(B+ → ηK+) [8]
data to obtain constraints in the θ − γ plane. As we will see that the bound depends crucially on the scale
µ at which different nonfactorizable O(αs) corrections are evaluated. The impact of the nonfactorizable
weak annihilation correction, which is usually power suppressed, will also be considered while obtaining
such constraints.
3.3.1 Constraints in the θ − γ plane: with (without) the annihilation terms
We have seen that the effective coefficients ai’s (Eqn.19), contains the wilson coefficients ci’s, coupling
constant αs(µ) and several nonfactorizable corrections, which crucially depends on the renormalization
scale µ. For the wilson coefficients ci in ai, we use their NLO values for different µ which are displayed
in Table 2. The current quark mass which depends on the scale µ, are displayed in Table 3. For the
running coupling αs(µ), we use the oneloop expression for αs(µ) as [10]
αs(µ) =
4π
β0Log
[
µ2/Λ2
MS
] , (39)
where β0 =
(
11
3 Nc − 23nf
)
with Nc = 3, the colour and the typical QCD scale parameter ΛMS(ΛQCD) =
226 MeV with nf = 5, the number of active quark flavour at µ = mb and similarly ΛMS(ΛQCD) = 372
8
MeV with nf = 4 for µ = mb/2 [10]. Using these as inputs, we now use the BR and Acp data ( Table
1) to obtain constraint in the θ and γ plane. Before to obtain such constraints, let us see how the CP
asymmetry Acp varies with γ or θ. In Figures 1(a,b) and 2(c,d), we made such plots. From Figures 1(a,b)
( standing respectively for µ = mb/2 and mb with the mixing angle θ = −21.3o [7]), we see that within
the ±1σ deviation with respect to the the central value Acencp = −0.25, γ is allowed to varry in between
+20o and +100o (one range), 140o and +170o (other range). The negative γ is ruled out at the ±1σ
level as far as the CP asymmetry data is concerned. From Figures 2(c,d), in which the unitarity angle
γ is chosen as +70o [6], the scale µ, is being set at mb/2 and mb, respectively, we find that at the ±1σ
error away from the central value Acencp , the mixing angle θ is allowed to lie in between −45o and −40o
(one range), −25o and −10o (other range). However, the Acp data allows another region, in which θ is
positive. However, the constraints on θ, which follows from the η → γγ, η′ → γγ and π0 → γγ decay
studies, suggest that θ should be negaive i.e.
θ = (−21.3± 2.5)o. (40)
In order to have the overall consistency with other’s analysis, we will not explore the positive θ region.
From the above analysis, where one angle is varied, while the other fixed, we know their sizes and signs.
We will now explore the general possibility in which both θ and γ is allowed to vary. In this case, by
using the Acp(B
+ → ηK+) data, as well as the BR(B+ → ηK+) data, it is possible to constrain the two
angles θ and γ simultaneously by finding the contour plots in the θ − γ plane.
In Figures 3(e, f), we obtain such contour plots corresponding to µ = mb/2 and mb. The central
curve corresponds to the region allowed by the Acp = −0.25 (i.e. the central value), while the next(outer)
to the central curve corresponds to Acp = −0.11(= −0.25 + 0.14) and the region between the outer and
central curves, is allowed at the +1σ level. The innermost curve corresponds to Acp = −0.39 and the
region between this curve and the central one, is allowed at the −1σ level. Note that a different set of µ
choice results into the change in the shape and hence the area of the allowed regions as a whole. At the
±1σ level, in either case, quite a large range of both θ and γ’s are allowed: e.g. while the mixing angle
θ varies in between −42o to −6o, the unitarity angle γ can changes largely in between, say, e.g. 10o to
175o at the ±1σ level. As for example, say γ = 70o, the contour plot suggest that θ should lie in between
−44o and −40o (left zone), −24o and −6o (right zone) for the scale µ = mb/2, while in between−42o and
−40o(left zone), −26o and −8o (right zone) for the scale µ = mb.
In Figures 4(g, h), the θ − γ contour plots corresponds to BR(B+ → ηK+) = (2.6±0.5)×10−6. The
renormalization scale µ is chosen at mb/2 (Figure 4g) and mb (Figure 4h). There are two regions in this
plot. For each region, the central curve corresponds to the central value BR(B+ → ηK+) = 2.6× 10−6,
while the next(outer i.e. rightwards for the right side, and leftwards in the left side) to the central curve
corresponds to BR(B+ → ηK+) = 3.1 × 10−6 and the region between the outer and central curves (on
either side), is allowed at the +1σ level. The two innermost curves corresponds to BR(B+ → ηK+) =
2.1× 10−6 and the region between this curve and the central one (in either side), is allowed at the −1σ
level. The allowed contour region followed from the BR data, is rather narrow than that obtained from
the Acp data. Within ±1σ error bar, while γ can change widely in between 0o to 180o, θ changes very
little: it change only by ±1o with respect to the central value (corresponding to the central curve). Note
that a different µ shift the θ − γ allowed contour region (see Figure 4g and 4h). As an example, say
γ = 70o, the contour plot suggest that θ should lie in between −46o and −44o (left region) and in between
−30o and −26o (right region) for the scale µ = mb/2, while for µ = mb, it lies in between −54o and −50o
(left region) and −30o and −26o (right region).
To see the explicit scale dependence of the BR and CP asymmetry Acp results, let us calculate them
for some chosen µ values. At µ = mb/2, with θ = −21.3o and γ = 70o, a point well within the allowed
region, we find BR(B−(+) → ηK−(+)) = 2.98(5.72) × 10−6 and Acp(B− → ηK−) = −0.315 when the
annihilation term is taken into consideration. If the annihilation term is switched off, the correponding
predictions turns out to be BR(B−(+) → ηK−(+)) = 3.0(5.83)× 10−6 (a change about 2%(11%)) and
Acp(B
− → ηK−) = −0.319 (a change of ∼ 4%). Similarly, for µ = mb, with the same γ and θ value
and considering the the annihilation contribution, we find BR(B−(+) → ηK−(+)) = 2.93(4.91) × 10−6
and Acp(B
− → ηK−) = −0.252. Without the annihilation term, we find BR(B−(+) → ηK−(+)) =
2.94(4.93)× 10−6 (a change about 1%(2%)) and Acp(B− → ηK−) = −0.253 (a change of ∼ 1%). So, the
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impact of power correction (annihilation contribution) on BR and Acp at different µ is not so significant
and consequently, in constraining the parameter space of θ and γ.
In Figures 5(i, j) and 6(k, l), we have plotted Acp and BR(B
+ → ηK+) as a function of θ and γ with
different set of the renormalization scale i.e. µ = mb/2 (left one) and mb (right one). Note the differences
arises due to the choice in renormalization scale: in Figures 5(i,j) larger negative Acp may arise at µ = mb
than that due to µ = mb/2 and in Figures 6(k,l), in the same way large BR also arise at µ = mb/2 in
comparison to µ = mb. Finally, from the Figures 5(i, j), we see that a large negative Acp, consistent with
the present data, allows θ to lie around −40o, for a wide range of γ, consistent with our finding.
4 Summary and Conclusion
We have investgated the charmless nonleptonic B → ηK decay within the QCD factorization framework
in the Standard Model. Two crucial things in the decay amplitudes are: (i) the unitarity angle γ, and
(ii) the η − η′ mixing angle θ, which possesses several independent constraints followed from different
studies. By knowing either θ or γ from others analysis and using the HFAG Acp data, one can get some
idea about the allowed range of γ or θ. We considered the most general scenario in which both θ and
γ are being treated as the unknown parameters. We use the BR(B+ → ηK+) and Acp(B+ → ηK+)
(available in the HFAG webcite) to constrain the θ − γ contour plane. Using the Acp data, at the ±1σ
level, we found that when the angle θ varies in between −42o to −6o (in two ranges), the angle γ can vary
in between 0o to 180o. For the BR(B+ → ηK+) = (2.6± 0.5)× 10−6, with γ = 70o, we found that θ can
vary in between −46o and −44o, −30o and −26o for µ = mb/2. For µ = mb, the corresponding allowed
range is in between −54o and −50o, −30o and −26o with the same choice of γ. We find the diference
in the allowed contour region of θ which follows from the Acp and BR constraints, a crucial finding of
the present study. We made our analysis for different set of renormalization scales i.e. µ’s, which results
into change in the allowed region in the θ − γ contour plane. This is an important observation of this
work. The effect of power correction correction is also investigated and found to be not so significant
in constraining the θ − γ contour plane. This is so because it’s (power correction) impact on Acp and
BR(B−(+) → ηK−(+)) are about 1% and 1%(2%), respectively.
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Figure 1[a, b]. Plot showing the CP asymmetry Acp(B
+ → ηK+) as a function of the unitarity angle
gamma (γ, given in degree). The most recent data [8] for Acp = −0.25 ± 0.14. The Figure 1a and 1b
corresponds to the following choice of the renormalization scale: µ = mb2 (Fig.1a) and µ = mb (Fig.1b).
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Figure 2[c, d]. Plot showing the CP asymmetry Acp(B
+ → ηK+) as a function of the η-η′ mixing
angle theta (θ, given in degree). The CP-asymmetry Acp = −0.25± 0.14 accoriding to the HFAG webcite
[8]. The Figure 2c and 2d corresponds to the choice of the renormalization scale: µ = mb2 (Fig.2c) and
µ = mb (Fig.2d).
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Figure 3[e, f ]. Contour plots in the theta (θ) - gamma (γ) plane (angles are given in degree) using
Acp = −0.25± 0.14 [8] with the renormalization scale µ = mb/2 (Fig.3e) and mb (Fig.3f), respectively.
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Figure 4[g, h]. Contour plots in the theta (θ) - gamma (γ) plane (angles are given in degree) us-
ing BR(B+ → ηK+) = (2.6 ± 0.5) × 10−6 [8] with the renormalization scale µ = mb/2 (Fig.4g) and
mb(Fig.4h), respectively.
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Figure 5[i, j]. Showing the CP-asymmetry Acp(B
+ → ηK+) as a function of the mixing angle theta
(θ) and the unitarity angle gamma(γ). The angles are given in degree. The left one corresponds to the
renormalization scale µ = mb/2 (Fig.5i), whereas the right one, µ = mb (Fig.5j).
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Figure 6[k, l]. Showing the BR(B+ → ηK+) as a function of the mixing angle theta (degree) and the
unitarity angle gamma (degree). The angles are in degree. The left one corresponds to the renormalization
scale µ = mb/2 (Fig.6k), whereas, the right one, µ = mb (Fig.6l).
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